The main motivation to study models in the presence of a minimal length is to obtain a quantum field theory free of the divergences. In this way, in this paper, we have constructed a new framework for quantum electrodynamics embedded in a minimal length scale background. New operators are introduced and the Green function method was used for the solution of the field equations, i.e., the Maxwell, Klein-Gordon and Dirac equations. We have analyzed specifically the scalar field and its one loop propagator. The mass of the scalar field regularized by the minimal length was obtained. The QED Lagrangian containing a minimal length was also constructed and the divergences were analyzed. The electron and photon propagators, and the electron self-energy at one loop as a function of the minimal length was also obtained.
I. INTRODUCTION
Several studies in string theory [1] , noncommutative geometry [2] and loop quantum gravity [3] suggest the existence of a minimal length. The main argument would be that at the Planck scale, the Heisenberg uncertainty principle would be substituted by the generalized uncertainty principle [1] .
The necessity of introducing a minimal length scale in physical theories is an old concept since the thirties [4] . In 1938, Heisenberg have published this idea as a way to cure the divergence problems that have been dwelled in QFT computation since the earlier times. For example, in the scattering process computations in QED, or, as another example, in order to calculate the Compton effect scattering cross section, the final result showed infinite values, which is a nightmare if you want to obtain a numerical result. In this scenario, the minimal length scale would be a universal constant. As well known, the vacuum velocity of light (c) represents the scale of velocity where the effects of the special relativity are relevant, as well as the Planck constant ( ) represents the microscopic scale governing the quantum world, where the effects of quantum mechanics are important. Another well known constant is the gravitational constant (G), which measures the gravitational interactions between masses.
In 1900, Planck has suggested that the combination between the underlying constants of Nature, i.e., c, and G, would form the length scale
where ℓ p is the Planck length. Eq. (1) shows that the unification of the three underlying constants demonstrates that the Planck length must be the proper scale where the gravitational effects in the quantum world are relevant. The first physical theory in which it was introduced a length scale was based in the notion of the noncommutativity of space-time, where the coordinates x µ (µ = 0, 1, 2, 3) are promoted to hermitian operators in quantum mechanics, i.e.,x µ , do not commute, and have the following commutation relation
where ℓ is a length scale, and θ µν is a constant 4 × 4 antisymmetric matrix. Notice that at the limit where ℓ → 0, the standard quantum theory can be obtained. In this scenario the spacetime coordinates are observables that do not commute. This fact changes the understanding of the space-time geometry in this length scale. As a consequence, the concept of position measure in this space-time would change also, where the Heisenberg uncertainty principle must be satisfied
However, a short time later, C. N. Yang has shown that Snyder's theory did not solve the infinities problems in QFT. This fact has led the NC theory to a deep sleep for about fifty years. Only after an important result that has came from string theory [7] , where a string embedded into a magnetic background, shows NC features concerning the space coordinates.
This result made the noncommutativity issue to be a top subject in theoretical physics [21] [22] [23] during the last years. In current days, new analysis of string theory and quantum gravity, suggest us the existence of a minimal length in Nature [8] . This conclusion has motivated the reformulation of quantum mechanics together with the gravitation theories and QFT, which were built only in the presence of a minimal length scale.
Another possibility of introducing a minimal length scale ℓ leaves the direct modification of the uncertainty relation in quantum mechanics [9] , namely,
where the particle position and momentum must be changed within a quantum theory scenario where the scale ℓ must be relevant. Eq. (4) is the well known generalized uncertainty principle, which can be seen also (as we have just said) as the origin of the appearance of a minimal length since it can be written in an even more general way such as
where ℓ and γ are positive and independent parameters of ∆X and ∆P . However, they can, in general, rely on the expectation values X and P . The standard Heisenberg uncertainty relation can be recovered from (5) by doing ℓ = γ = 0. It is direct to realize that (5) means a minimum position uncertainty of ∆X min = ℓ.
In fact, the modified uncertainty relation (4) is the beginning of an effective model and it must have corrections at higher orders like the one in the following series
where c n are real constants. Since we have very small terms, we propose the series above becomes a general uncertainty relation given by the exponential function
In this scenario, it is easy to see that the modified uncertainty relation lead us to a measure of the minimum uncertainty for the position given by
where ℓ acts as the minimal length scale, and any measure of the system can not be less than its value, which corresponds to the maximum value for the linear momentum given by
Hence, the maximum energy scale relative to these values is
Since ℓ has a very small value, the minimum uncertainty for the value of the energy has a very high value, if it can be compared to the energy scale of the modern particle accelerators. The organization of this paper follows the sequence such that in section 2 we show both the algebra and representation of the operators. In section 3, we have reviewed the electromagnetism with a minimal length. In section 4, we have analyzed the electrostatic properties in the presence of the minimal length scale. In section 5, the scalar model was introduced, and the influence of ℓ on field mass was discussed. In section 6 we have proposed the construction of a new effective quantum electrodynamics. The conclusions were depicted in section 7.
II. THE ALGEBRAIC STRUCTURE AND OBSERVABLE REPRESENTATION
A few years back, Quesne and Tkachuk had constructed a Lorentz deformed algebra which is covariant and described a quantized space-time with D + 1 dimensions.
The uncertainty relation (4) implies that the observables of positionX µ , and momentâ P µ , must satisfy to algebraic structure of this Quesne-Tkachuk algebra [10, 11] .
where β and β ′ are real non-negative parameters (β, β ′ ≥ 0), that have dimension of momentum to −2, i.e., (momentum) −2 , and they are related to minimal length scale and Planck constant. For simplicity, we have definedP 2 :=P ρP ρ . When β = β ′ = 0, it is direct that this algebra reduces to the usual commutation relations
The first commutation relation in (11) is an approach of a NC space-time. For special case, β = 0, and β ′ ≪ 1, the Snyder's NC space-time is obtained
Therefore, the altered uncertainty relation implies in a NC space-time structure. Here we are interested in studying the model using the commutative space-time approach. For this goal to be achieved, we have to choose the condition β ′ = 2β, where β := ℓ 2 / 2 . Thus, the previous algebra will be given by
Consequently, we obtain the minimal position uncertainty
The algebra (14) suggests us to introduce the representation for the momentum operator as beingP
where the position operator remains unaltered, that is,X µ −→x µ , and the usual relation is
l. The quantum mechanics based on previous representation is well established in the literature, see [12] [13] [14] . The harmonic oscillator is invariant under translational symmetry, see [15, 16] . Now we will propose to study a representation of momentum operator for the general case where we will introduce the exponential operator
where, if we consider ℓ 2 ≪ 1, we have that
and, in Thai way, the operator (17) is reduced to (16) . As consequence, the commutation relation involvingX µ , andP µ is given by
where W is known as the Lambert function, or Product Logarithm. It is clear that for ℓ 2 ≪ 1, the algebra (14) is recovered. For convenience, we write the momentum operator aŝ
Our motivation here is to stress that the values of position and momentum, in a quantum length scale, must rely on a new length scale, which candidate is the Planck length, i.e., ℓ P ∼ 10 −33 cm. In this scale, the current QFT is not sufficient in order to describe the fundamental interactions that live in Nature. So, we would need a new QFT. In this scenario, the length scale can be introduced directly in the uncertainty relation, and under some conditions, it can lead us to a Lee-Wick [17] kind of QFT, where the mass of the Lee-Wick field depends on the length scale. Due to this length scale, the first modification happen in quantum mechanics, where the momentum operator can have the form
where ∇ µ is defined by
where ℓ is the same parameter with the length dimension mentioned above. In the limit ℓ → 0, we can obtain the standard quantum mechanics operator
Hence, the construction of the QFT models that will be carried out from now on, will be based on the introduction of a new momentum operator in the field equation, such as the Klein-Gordon, Dirac and the Maxwell equations. In the next section, we start the discussion concerning the field equations and the classical electromagnetism equations.
III. THE ELECTROMAGNETISM IN THE PRESENCE OF A MINIMAL LENGTH
Let us now make a classic analysis concerning the electromagnetism in the presence of a length scale, where the main problem is to realize how the charged particles interact. Our task is to fathom such interaction, following the basic Maxwell equations (ME), which can be modified by the introduction of a length scale ℓ. First of all, it is important to mention that the Lagrangian that provides the field equations, following the minimum action, is given by
where µ, ν = {0, 1, 2, 3} are the space-time indices and F µν = ∇ µ A ν − ∇ ν A µ is the electromagnetic field tensor, which is an antisymmetric second order tensor, which components are the electric and magnetic fields, and J µ = (ρ, J) represents the model charges and current distribution.
Explicitly, the Lagrangian (22) can be written as :
where
we can obtain the Lagrangian up to order ℓ 2 , which is given by
This is like Lee-Wick's electrodynamics, in which the Lee-Wick mass is determined by minimal length scale according to the relation
A recent estimative of the Lee-Wick mass is m LW ≃ 410 GeV/c 2 [18] , which implies that ℓ < 3.4 × 10 −20 m. For some application of Lee-Wick model, see [19] . The variational principle leads us to the equation
and the field tensor satisfies the Bianchi equation
If we substitute the definition of the field tensor, the equation for the field A µ is given by
The gauge invariant models, namely, the tensor F µν is invariant under the gauge transformation
so, if we fix the Lorenz gauge, ∇ µ A µ = 0, the field equation for A µ is
Therefore, we will analyze the static case, as a particular case of (30). We are interested in the understanding of the static interaction between charged particles, and to compare it to the Coulomb case. This behavior can reveal us the inner structure of charged particles.
IV. THE ELECTROSTATIC IN THE PRESENCE OF A LENGTH SCALE
Now we will simplify the difficult problem mentioned above. The electrostatic case is the simpler way to understand how the electromagnetic interaction is affected thanks to a new minimum length scale. Concerning the static case, the potential equations (30) lead us to the Poisson equation for the scalar potential
This, of course, is a partial differential equation, non-homogeneous and of infinite order which involves an exponential expansion following a Taylor series
To solve this equation we can use the Green function method. Hence, we can write the solution as
where G( r − r ′ ) is the Green function of our problem. In order to consider the integral in Eq. (33) as a solution of the Poisson equation, the Green function has to satisfy the following equation
where δ 3 ( r − r ′ ) is the Dirac delta function in D = 3. Solving Eq. (34) by using the Fourier transform method we have that it leads us to the integral form such as
Using spherical coordinates, the integral in (35) can be written as
The radial integral in k can be written [20] as an error function (Erf)
Consequently, the solution considering the electrostatic potential can be written as
and the electrostatic field is given by
In the limit ℓ → 0, considering the error function properties, it is easy to see that
and the expressions for the potential and for the electrostatic case turn to the standard case.
Considering the point charge, we can use the charge distribution at the origin, ρ ( r ′ ) = q δ 3 ( r ′ ), in order to obtain the potential given by
where r is the distance between the charge and a generic point in the space. As we expect, the potential goes to zero when we consider large distances when compared to the ℓ scale, although in the limit r → 0, the properties of the error function leads us to a finite potential at the origin
Consequently, the electrostatic self-energy is also finite in this limit. Concerning the electron case, where q = −e, we obtain the electron classic self-energy.
Considering this minimum length scale, the electron can be seen as a sphere with radius equal to ℓ, and total charge equal to −e. It is well known in electrostatic, an homogeneous sphere, with radius R and total charge Q has the following energy The final result of the electron energy differs from Eq. (44) by a numerical factor √ π/2, which shows that the electron can have a non-homogeneous charge distribution which can be distributed through all its volume. This fact indicates that the electron can be formed by sub-particles states, even more fundamental and non-uniformly distributed through all its volume. The electric field concerning the point charge can be obtained with the Dirac delta function in Eq. (39)
The flux of electric field through the Gaussian spherical surface ∂R of radius r, for a charge centered at the origin, gives us the Gauss Law
where we have defined the effective charge q ef f , as a function of the radial distance
If our point charge is interpreted as a sphere of radius ℓ, the figure just below illustrates the distribution of charge as a function of a radial distance r throughout volume. This confirm
The effective charge as function of radial distance r, for some values of ℓ. When r → 0, the effective charge goes to zero, and for r → ∞, which obtain the asymptotic value q ef f = q.
the inhomogeneous distribution of charge discussed previously in the electron self-energy result.
The electrostatic force between both charges separated by a distance r is given by
Using the limit ℓ → 0, we can obtain the standard electrostatic field for a point charge. And, in the force expression, the Coulomb law can also be recovered. However, the interesting point is the limit r → 0, where the expression which represents the force (48) is zero at the origin. This conclusion leads us to the analysis of the force in the region next the origin region. To carry out an expansion in r = 0 we have that
which shows a linear expression relating force and distance r. Considering small distances, i.e., r << 0, the force is proportional to the distance r, namely, | F (r)| ∝ r. In this region for small distances, the force shows a confining feature.
FIG. 3:
The force between two charges as function of distance r between both ones, for some values of ℓ. The dashed line shows the Colombian force. In the region r ≪ ℓ, the curve shows the difference between both forces.
V. THE SCALAR FIELD MODEL
In this section we will show the model of scalar field with self-interaction-φ 4 , some quantum properties of the model, and the influence of the minimal length on the its mass. To do that, we will introduce the dispersion relation for a particle of mass m associated with the representation (17), namely, given by
where p µ = ( E, p ) is the usual momentum in special relativity. Since the relativistic symmetry stays unaltered here, the dispersion relation is invariant under Lorentz symmetry, the solution of (50) is given by your inverse function
Moreover, the propagation of fields with this new momentum representation must be affected, and obviously modifies the behavior of the quantum field theory. Hence, the next step is to construct the first field equations via the momentum operator representation (21) .
In this way, the Klein-Gordon equation concerning a scalar field ϕ is given by
As a simple example, we can see the influence of the minimal length in the scalar model with quartic self-interaction φ 4 . The Lagrangian of this model is given by
where g is a real coupling constant. Integrating by parts we write it in the form fieldoperator-field
It is easy to see that the Feynman's propagator in the momentum space has a divergence in the ultraviolet limit, when p 2 ≫ 1. However, it is convenient in this model to work in the Euclidean space-time, and making the usual Wick's rotation, p 2 → −p 2 E , so the propagator is given by
when p 2 E ≫ 1, this propagator falls down rapidly to zero and can be written as
In scalar model ϕ 4 , the first divergence diagram in the perturbative series is the tadpole contribution to scalar propagator. By simplicity, we consider the massless scalar case represented by the integral
By a simple power counting, this integral is well defined in the ultraviolet range, that is,
E , in which the exponential function makes a natural cut-off. To make it explicitly, we use the Schwinger's integral
so the previous integral can be written as
Using the well known Gaussian integral, we obtain the finite result
Thus, the previous result is the finite contribution of perturbative series at the one loop approximation, that can be interpreted as the "mass" of scalar field, obtained by the introduction of the minimal length. Explicitly, the propagator at the one loop is given by
In this approximation the propagator has acquired a non trivial pole
Thus, the mass of scalar is identified and it was regularized by the minimal length. This preliminary result show us that new scale has worked like a natural regulator of the ultraviolet divergences. In the next section, we will investigate an effective quantum electrodynamics, and the influence of ℓ-scale in the electron mass.
VI. THE EFFECTIVE QUANTUM ELECTRODYNAMICS
For a 1/2-spin field ψ, the Dirac equation for the electron is given by
It is easy to see that the Lagrangian which lead us to the anterior equation is given by
Our main motivation in this work is to construct an interaction model between leptons and the EM field A µ . To accomplish that, we will use the equivalence concerning the covariant derivative
where Q is the charge generator associated with the symmetry group of the model, and the derivative ∇ µ is substituted by the operator
To obtain the gauge symmetry of the Lagrangian in Eq. (64), we can provide the local transformation U(1)
where Λ(x) is a real function of space-time. Using the set of transformations (67), the operator ∇ Aµ transformation is
So, the gauge transformations define the unitary Abelian group U(1) and the invariant Lagrangian under the U(1) transformation group which is given by
which is the QED Lagrangian in the presence of a minimal length scale ℓ, and this result opens the path to quantize this model. When ℓ → 0, the usual QED is immediately recovered. By convenience, concerning quantization, we will introduce the gauge fixing term
where ξ is a real parameter. If we write in a free part plus the interaction of the fields, firstly we obtain the electron propagator
and posteriorly, the photon propagator is given by
The interaction sector is written in the form of series
The first term is just the usual interaction, but the following terms are non-renormalizable interactions in the quantum approach of the perturbative theory, where the coupling constants are extremely weak, of orders eℓ 2 , eℓ 4 and so on. Therefore, we will just consider the usual interaction of the QED, in which we have an effective model where the minimal length emerges only in the propagators expressions. Furthermore, we also consider the massless QED, where we had put m = 0 in the electron Lagrangian. It may be interesting to see the contribution of the minimal length to electron mass via electron self-energy. Using all rules in the Feynman gauge (ξ = 1), the electron self-energy at the one loop is represented by the integral
By simple power counting, this integral is well defined in the ultraviolet regime due to exponential decay function. In contrast, the infrared (IR) divergence will emerge here, at k 2 E = 0. This integration also suggests us to introduce the Schwinger identity (58), and we can write it in the form
where Λ 2 a is cut-off regulator with energy dimension to the square to control the IR divergence. After a Gaussian integral, we can obtain that
ds 2 e − (2ℓ 2 +s 1 )(ℓ 2 +s 2 ) 3ℓ 2 +s 1 +s 2
Since we have considered the massless electron, the on-shell condition p 2 E = 0 must be implemented here, and the exponential in the (76) is simplified to given the result
We have the finite part of electron self-energy plus the IR divergence term. It is important here that the minimal length scale does not appear at the one loop approximation, as well as we have not a divergence of ultraviolet nature. This IR divergence must be canceled out by the vertex correction at the one loop.
VII. CONCLUSIONS AND PERSPECTIVES
One of the greatest challenges in theoretical physics today is to understand how the gravitational effects can be affected by quantum phenomena. Namely, how can gravity and quantum mechanics interact in order to describe certain phenomena that occurred in the early Universe, for example.
The introduction of a minimal length is one attempt to fathom such problem. To describe our Universe through a discrete space-time instead of a continuous one has ignited an intense investigation of the theories described in this so-called NC space-time, which has multiple ways to depict noncommutativity like the canonical or Euclidean ways, or Snyder and kappadeformed manners, to cite a few.
In this work we have introduced a minimal length, a quantity having length dimension which value is measured at the Planck scale. One way to introduce the minimal length is through the so-called generalized uncertainty principle. In this work we have deformed the coordinates and momentum commutation relations using the Quesne-Tkachuk algebra. The commutative commutation relations can be recovered when the main parameters are put to be equal to zero, which is equivalent to put the NC parameter to be equal to zero in order to obtain also the standard commutative relations for the recovered commutative coordinates.
Since one of the motivations to introduce a minimal length is to regularize field theories, in this work we have analyzed the regularization of the standard electrodynamics through the construction of a electrodynamics with a minimal length. Besides this not so original objective, the original thing here is that we have introduced a new way to modify electrodynamics through this minimal length. The first objective would be to study the electrodynamics at Planck scale, as we explained just above. In order to obtain the analytical results using this new way to introduce this minimal length we have solved the Green functions deformed by this minimal length. Consequently, the regularization of the theory was obtained. The mass of the scalar field was regularized and an interesting result was obtained.
After that, we have constructed the electron and the photon propagators as functions of the minimal length. Our main result, the calculation of the electron self-energy at one loop as a function of the minimal length, has showed that we have the finite part of the electron self-energy plus the IR divergence term. We have seen that the minimal length did not appear at one loop approximation, and the result did not show a divergence term due to the UV nature of the theory. We have shown that the IR divergence can be canceled out by the vertex correction at one loop.
As future perspective we can apply the new method to introduce a minimal length in theories with high derivative orders, as well into NC theories. These perspectives are in fact ongoing research topics which will be published elsewhere. 
